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Highlights (for review)

We present community detection method based on nonnegative matrix
factorization for dynamic networks considering the strength between nodes.
The node pairs with stronger connection strength are set have more
possibility to be grouped into the same community.

The accuracy of our algorithm improve 0.3425, 0.5191 for the synthetic
networks.
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Abstract

The detection of community structure for dynamic social networks is significant for under-
standing evolution features of collective behaviors. In this paper, we present community
detection method based on nonnegative matrix factorization for dynamic networks consid-
ering the strength between nodes. The basic idea of this algorithm is that node pairs with
stronger connection strength have more possibility to be grouped into the same community.
Firstly, we build weighted networks by calculating the embeddedness E; and dispersion Dy
between each pair of nodes to measure the strength of the relationships at each times-
tamp t. Then we construct a node strength matrix in which each element represents the
connection strength of a pair of nodes. Combining the structural information at previous
timestamp, the nonnegative matrix factorization method is used to detect the community
structure for the dynamic networks. Finally, the experiments for two synthetic networks
show that when considering the previous information, the accuracy of our algorithm im-
prove 0.3425, 0.5191 for the first synthetic networks. For the second synthetic networks,
the accuracy of our algorithm is also improved. Furthermore, we compare the other two
algorithms, the results show that our algorithms perform better than other algorithms on
the both synthetic networks. Our work may be helpful for providing a new perspective that
we detect community structures for dynamic networks.
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1 Introduction

Many social networks exhibit the property of containing community structure[ 1-6],
which has attracted much attention in the past several decades. Girvan and New-
man([2] highlight the property of community structure, in which network nodes
are joined together in tightly knit groups, between which there are only looser con-
nections. The recent years have seen tremendous efforts for discovering community
structure in static networks[7]. Meanwhile, we know that the networks are evolving
over time owing to the changes of human behaviors. Detecting community struc-
ture for dynamic networks has been receiving increasing attention [8—13]. We clas-
sify the available algorithms for dynamic community detection into two categories:
non-evolutionary based and evolutionary based approaches. Non-evolutionary al-
gorithms first discover the local communities in the network at each timestamp and
then analyze the involving relationship of the communities at successive timestamp.
For instance, Kumar et al. [14] classified firstly members of network into groups
and then studied the dynamics for social networks. Sun et al. [15] proposed the
parameter-free GraphScope to discover communities in dynamic networks. Asur
et al. [16]characterized the evolution events for communities in dynamic networks.
Tang et al. [17] introduced a spectral clustering framework to discover communities
and evolving rules. However, they ignore the connection between subsequent time
steps, resulting in undesirable communities. To overcome the problem, evolution-
ary clustering [18,19] uses temporal smoothness for dynamic community detection,
which balances the communities obtained in networks at two subsequent times-
tamps. FacetNet (a Framework for Analyzing Communities and EvoluTions in dy-
namic NETworks)[20] employs a stochastic block model to obtain communities at
each time step, then uses a probabilistic model based on the Dirichlet distribution to
capture evolution communities. The particle-and-density algorithm [21] (Kim-Han)
makes use of the network topological structure, where the density-based algorithm
is used to obtain local clustering at each time step, and uses the nano-community to
obtain dynamic communties. Chi et al. [18] extended spectral clustering to trace the
dynamics of communities, where two frameworks for evolutionary spectral cluster-
ing were proposed. Dynamic multiobjective genetic algorithm (DYNMOGA) [22]
addresses dynamic community detection by reformulating the temporal smooth-
ness as a multi-objective optimization problem, where the algorithm maximizes
the snapshot cost and minimizes the temporal cost simultaneously. Furthermore,
Liu et al. [23] developed the evolutionary co-clustering algorithms for dynamic
networks. Mucha et al.[1] provides a framework for the study of community struc-
ture in a very general setting, covering networks that evolve over time by extending
the popular modularity function (EMF) for community detection, and by adapting
its implicit null model to fit a multislice networks. Each slice has an adjacency ma-
trix describing connections between nodes belonging to the previously considered
slice. This concept also includes interslice couplings which connects a node of a
specific slice S, to its copy in another slice Sg. The mathematical formulation of
multiplex networks has been recently developed through many works [24,25]. For




instance, a comprehensive formalism to deal with multiplex systems is proposed,
and a number of metrics to characterize multiplex systems with respect to node de-
gree, link overlap, node participation to different layers, clustering coefficient and
eigenvector centrality are provided [24].

(a) Strong connection strength (b) Weak connection strength

Fig. 1. The illustrated networks with strong connection strength of the relationships be-
tween nodes and weak connection strength. From the figure, we can find that in (a) the
common neighbors of node 1 and 2 are connected, which shows that they have stronger
connection strength. However, there is not common neighbors between node 1 and 2 in (b),
that can be considered as weaker connection strength between node 1 and 2.

Although great efforts have been made for detecting dynamic communities, there
are still many unsolved problems. For instance, how to make full use of the net-
work structure information [26], and improve the accuracy of algorithms to detect
community structure. We know that there is stronger strength or weaker strength be-
tween people in real social networks [27,28]. As shown in Fig.1, we can find that in
(a) the common neighbors of node 1 and 2 are connected, that can be considered as
strong connection strength. However, there is not common neighbors between node
1 and 2, that can be considered as weak connection strength in (b). How to mea-
sure the strength of the relationship plays an important role in the study of network
structure. We assume that the strong relationship people tend to join in the same
community. Inspired by this idea, we propose a community structure algorithm
using the nonnegative matrix factorization[29,30]. Firstly, embeddedness [31] and
dispersion [32] index are used to describe the strong or weak relationship between
people. Based on these, we construct the node strength matrix at each timestamp.
Then combining the previous structural information, the nonnegative matrix factor-
ization method is used to detect the community structures for the dynamic networks
at each timestamp[33]. Finally, we explore experiments in two synthetic networks.
Experimental results show that our proposed algorithm has higher accuracy.




2 The community detection method
2.1 Preliminaries

We model the dynamic networks as a sequence of networks g = {G1,Ga, -+ , G, },
where G; = (V}, E;) denotes a network at a timestamp ¢. And V}, F; are the sets
of nodes and links of network at timestamp ¢ respectively. A community in a static
network G is a group of nodes V;! C V; having a high density of links inside the
group, and a low density of links with the remaining nodes V;/V}’. Let C; represents
a community for the graph G;. Suppose there are N! communities detected at the

tth timestamp, denoted by {C}, C? - - | C’tN ¢ }, where the ith community could be
denoted as C! = (V;', E!) and V;! C V;, E} C E;. Without loss of generality, we
assume that all of the networks in g have the same node set, i.e. G; = (V, E;).
The dynamic network g can be represented by a 3-dimensional adjacency matrix
A = (a;jt)NxnxT, Where N is the number of nodes and a;;; = 1 if the i-th node
is connected to the j-th node in (G4, 0 otherwise. Actually, A, is symmetrical when
G, is undirected. In this paper, we assume that all the networks are undirected and
unweighted.

2.2 Embeddedness and Dispersion

In this paper, we introduce two measurements, that is embeddedness [31] and dis-
persion [32], to describe the connection strength of each pair nodes. Embeddedness
is described as the measurement in structural analyses for identifying close relation,
capturing how much the two friends social circles overlap[34,35]. The embedded-
ness measurement E; (u;, v;) for a pair nodes u;, v; at timestamp ¢ can be expressed
as,

n’LLt'Ut
. _ 1
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where u; is a node at timestamp ¢, v; is a neighbor of w,, k,, is the degree of the
node u; and n,,,, is the number of common neighbors for the node wu; and ;.

The links to a person’s relationship partner or other closest friends may have lower
embeddedness, but they will often involve mutual neighbors from several differ-
ent foci, reflecting the fact that the social orbits of these close friends are not
bounded within any one focus, for example, a husband knows several of his wifes
co-workers, family members, and former classmates, even though these people be-
long to different foci and do not know each other. The measure of dispersion looks
not just at the number of mutual friends of two people, but also at the network
structure on these mutual friends; roughly, a link between two people has high dis-




persion when their mutual friends are not well connected to one another. We now
formulate a sequence of definitions that capture this idea of dispersion. To begin
with, we define C',,, to be the set of common neighbors of u; and v;. We define
the dispersion of the u; — v; link, Dy (uy, v;), to be the sum of all pairwise distances
between vertices in C,,, at timestamp ¢, that is,

Dt(utavt): Z dvt(iaj)a ()
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where d,, is a distance function on the nodes of C,,,,,. We define d,, (i, j) to be the
function equal to 1 when ¢ and j are not directly linked and also have no common
neighbors in G; other than wu; and v;, and equal to O otherwise.

2.3 Method

Considering the temporal cost, we proposed a new method of detecting commu-
nity structure for dynamic networks based on the nonnegative matrix factorization.
Firstly, we present nonnegative matrix factorization method [36-38] to detect com-
munity structure. Nonnegative matrix factorization (NMF) is efficient for mining
patterns in networks. NMF aims at learning the representation parts of the original
data by approximating the target matrix into the product of two low-rank matrices.
Specifically, given an NV x M matrix X, NMF decomposes X into two non-negative
matrices Ry, and F,., 5, such that

X ~ RF,s.tR > 0,F > 0. 3)

In the community structure detection, NV is the number of nodes and r is the number
of communities in a network. Among those cost functions, the Least Squares Er-
ror (LSE) and Kullback-Leibler (KL) divergence[39] are more frequently selected.
Recently, one of the recent NMF models is Symmetric Nonnegative Matrix Factor-
ization (SNMF) model. Though there are several variations of NMF for detecting
community structure, almost all of them can be solved by Multiplicative Update
Rules. In this paper, we use the LSE cost function as following,

J(X,R,F) = [|X — RF"[|;. 4)

And then we can fix F (or R) and apply the gradient descent method to minimize
the LSE in order to get the update rule of R (or F) in Multiplicative Update Rules.
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To use the topological information adequately, we use the connection strength ma-
trix to detect communities. According to Eq.(1)-(2), we construct the connection
strength matrices E; and Dy at each timestamp ¢. Furthermore, to discover the local
clusters at timestamp ¢ based on the temporal smoothness framework, we take into
account both GG; and (G;_; via a linear function, which is defined as

X: = OéXt_l + (1 - O[)Xt, (6)

where parameter o controls the relevant importance of history information. The
underlying assumption is that if a group of nodes whose connectivity is strong in
both GG;_; and G, then they are very likely to be a local cluster at time ¢. Usu-
ally, a=0.8. We set as X; = E; or X; = D,. By nonnegative matrix factorization for
the matrix X7, we can detect the communities of vertices at timestamp ¢. We denote
the methods as T-E-NMF (combining time information, Embeddedness matrix with
nonnegative matrix factorization), T-D-NMF (combining time information, Disper-
sion matrix with nonnegative matrix factorization) respectively. The whole process
is described in Algorithm 1 for the T-E-NMFE. Meanwhile, we also investigate the
performance of our algorithm without considering the previous information, which
denotes the algorithm as E-NMF (Embeddedness matrix with nonnegative matrix
factorization) and D-NMF (Dispersion matrix with nonnegative matrix factoriza-
tion).

Algorithm 1 Pseudo-code of T-E-NMF Method

G is a set of the initial network
Input:
G: Dynamic networks;
N!: The number of communities at each timestamp ¢;
Output: local clusters {C}, C2,...,C}" é}
1: For each time step ¢, construct E; according to Eq.(1);
2: Construct the partial matrix X; according to Eq.(6),
set as X; = Ey;
3: Use NMF to obtain the communities for each node
at timestamp ¢ according to Egs.(4) and (5);
4: Return




For the algorithm T-D-NMF, we replace the formula of the second step on this
process with X; = Dy, and construct D; according to Eq.(2).

Due to the influence of the non-negative matrix factorization method, our algorithm
needs to know the number of community structures in advance. In this paper, we
make the experiments on two synthetic networks which have known community
structure information of each node at each timestamp.

3 The experimental analysis

3.1 Data sets

In this paper, we introduce two synthetic networks to evaluate the performance of
the T-E-NMF and T-D-NMF algorithms.

The first artificial dataset is introduced [20], where each network consists of 128
nodes divided into 4 communities with 32 nodes each. Every node has a fixed
average degree, and connects z nodes in other communities. We set the average
degree of networks as 20, and generate the dynamic networks by varying parameter
z. In order to introduce dynamics in the networks, §% of nodes are moved among
communities. In our work, 10% of nodes in each community are randomly selected
and assigned to the others at each time step.

The second synthetic dataset has been generated by taking into account some main
events that may characterize the evolution of dynamic networks [40-42]. To this
end we assumed four types of events, as introduced by Greene et al.[42]. The events
are the following:

Birth and death: From the second time step on, 10% of new communities are created
by removing nodes from other existing communities, and randomly removing 10%
of the existing communities.

Expansion and contraction: 10% of communities are randomly selected and ex-
panded or contracted by 25% of their size. When expanded, the new nodes are
chosen at random from the other communities.

Intermittent communities: 10% of communities from the first time step are hidden.

Merging and splitting: At each time step, 10% of communities are split, 10% of
communities are chosen, and couples of communities are merged.

To simplify the problem, in our experiments, we only produced data sets for two
time steps and analyzed the accuracy of the algorithms on the second time slice.




3.2 Measurement

In our experiments, the normalized mutual information (NMI) [43,44] is used as
the standard to evaluate the community structure detection performance. The value
can be formulated as follows:

Zévcl t= 1N 10g Nzy

\/Z N, log Z 1 Yy log N,

where M is the real community label and M5 is the computed community label,
N, is the community number, N is the number of nodes, N,, is the number of
nodes in the real community x that are assigned to the computed community y, N,
is the number of nodes in the real community x and JV, is the number of nodes
in computed community y, log is the natural logarithm. NMI takes its maximum
value of 1 if partition M identical to partition M,, and NMI=0 if two partitions are
statistically independent.

NMI(M;, My) =

(7

Furthermore, we define the improvement rate 7 of the algorithm to evaluate the
performance of our algorithm.
a—b
= ®)
where a is the result obtained by our algorithms, b is the result obtained by the
comparing algorithms which could be E-NMF, D-NMF, DYNMOGA and EMF.

3.3 The experimental results

Firstly, we compare with the results of our algorithms whether or not considering
the previous information. The results are shown in Fig.2 and Fig.3 for the synthetic
networks with z = 20 and 6% = 10%.

As shown in Fig. 2, the NMI for the T-E-NMF is 0.8149 that is higher than NMI
of E-NMF, and the NMI for the T-D-NMF is 0.7769 which is higher than D-EMF.
The values of NMI for E-NMF and D-NMF are 0.6070, 0.5114 respectively.

Then, we analyze the performance of our algorithm on the second synthetic net-
works. We generate four synthetic data sets for the four different types of events,
for 2 time steps. The parameters to the generator have been set such that each net-
work is constituted by 1000 nodes having mean degree of 15 and maximum degree
50, number of communities between 20 and 50, and mixing parameter (percentage
of edges between communities) 0.2. Figure 3 depicts the NMIs on the four different
data sets. One can find that when considering the previous information, our algo-
rithms achieve well results. In the case of birthdeath, expand, hide and mergesplit,




E-NMF T-E-NMF D-NMF T-D-NMF

Fig. 2. The NMI for T-E-NMF, T-D-NMF, E-NMF and D-NMF on the first synthetic net-
works, where the algorithms T-E-NMF and T-D-NMF consider the previous structure infor-
mation by calculating the strength between nodes with embeddedness and dispersion. One
can find that the NMI of the T-E-NMF and T-D-NMF are higher than E-NMF and D-NMF
respectively. This shows that the algorithms T-E-NMF and T-D-NMF are more accurate
when considering the previous information.

the NMI values obtained by both T-E-NMF and T-D-NMF algorithm are greater
than the corresponding E-NMF and D-NMF algorithm. In four cases, the values of
NMI are close to 1 for the algorithm T-E-NMF and T-D-NMF, which shows that
our algorithms can accurately detect the community structure of the networks.

Furthermore, in order to evaluate the performance of the T-E-NMF and T-D-NMF

algorithms, two well-known algorithms are adapted for comparison, including DY N-
MOGA [22] and EMF[1]. The DYNMOGA and EMF are the well known algo-

rithms and perform well for evolutionary clustering. Two datasets are used to val-

idate the performance, including two synthetic dynamic networks. The synthetic

networks have various evolution events, which testify whether the compared al-

gorithms can accurately discover different evolution communities. The results are

shown in Fig. 4 and 5.

Figure 4 reports the NMI of various algorithms for the first synthetic dynamic net-
works. It demonstrates that T-E-NMF and T-D-NMF achieve the best performance
in the synthetic dynamic networks. In details, we can find that the values of NMI
maximally research 0.8149, 0.7769 for T-E-NMF and T-D-NMF. However the val-
ues of NMI are 0.7037, 0.3047 for EMF, DYNMOGA respectively.

Figure 5 depicts the NMI on the four different data sets. The figure clearly shows
that both T-E-NMF and T-D-NMF outperform DYNMOGA and EMF in all four
evolution events, and our algorithms achieve the best performance in the four evo-
lution events. In particular, DYNMOGA reaches a value not more than 0.90, while
T-E-NMF or T-D-NMF obtain the values no less than 0.91 for four cases, espe-
cially the NMI value of algorithm T-E-NMF is 1 for the case of mergesplit. The
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Fig. 3. Comparison between T-E-NMF and E-NMF, T-D-NMF and D-NMF on the sec-
ond synthetic networks: (a) Birth and death, (b)Expansion and contraction, (c)Intermittent
communities and (d) Merging and splitting, from which one can find that the T-E-NMF and
T-D-NMF perform well for the synthetic data sets.
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T-E-NMF T-D-NMF EMF DYNMOGA

Fig. 4. The NMI for DYNMOGA, EMF, T-E-NMF and T-D-NMF on the first synthetic
dataset, from which one can find that the values of NMI for T-E-NMF and T-D-NMF are
0.81, 0.78 respectively, which are higher than that of other algorithms. This shows that the
presented algorithm works better for the synthetic dataset.

EMF method performs not well on the synthetic networks, and the values of NMI
range from 0.4 to 0.65 in the four events.

Further, to illustrate the accuracy of our algorithm, we calculated the rate of im-
provement 77 compared to each of the other algorithms. The results are shown in
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Fig. 5. Comparison among DYNMOGA, EMF, T-E-NMF and T-D-NMF on synthetic
dataset: (a) Birth and death, (b)Expansion and contraction, (c) Intermittent communities
and (d) Merging and splitting, from which one can find that the values of NMI for T-E-NMF
and T-D-NMF on the four events are no less than 0.91, which suggests that the T-E-NMF
and T-D-NMF perform well for the synthetic data sets.

Table 1 and 2.

From Table 1, we can see that the T-E-NMF algorithm is improved by 0.3425,
0.1581 compared with the E-NMF, EMF algorithm respectively. In particular, the T-
E-NMF algorithm is 1.6741 times more accuracy than the DYNMOGA algorithm.
Meanwhile, the 7 is 0.5191, 0.1040 for T-D-NMF compared with D-NMF, EMF.
The 1 will be 1.5493 times to DYNMOGA for the T-D-NMF.

Table 1

The rate of improvement 7 for the other algorithms on the first synthetic networks.

n T-E-NMF T-D-NMF
E-NMF 0.3425 -
D-NMF - 0.5191

EMF 0.1581 0.1040

DYNMOGA  1.6741 1.5493

In the second synthetic networks, from the Table 2, we can find that in the case
of birthdeath, the algorithm T-E-NMF is improved by 0.0063, 0.9785 and 0.1450
respectively compared with algorithm E-NMF, EMF and algorithm DYNMOGA,
the NMI for the T-D-NMF increases by 0.0737, 0.9144 and 0.1127 compared with
the algorithm D-NMF, EMF and DYNMOGA respectively. Similarity in other three
cases, the values of the rate n are 0.0272, 1.0852 and 0.2698 in case of expand,
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0.0278, 0.4564 and 0.0788 of hide, 0.0012, 1.3307 and 0.2047 of mergesplit for
the T-E-NMF. Meanwhile, for the T-D-NMF, the improvement rate 1 has also more
than 0, especially the improvement rate 7 is 1.2439 comparing with the EMF in
the mergesplit. All of this shows that our algorithm has more accuracy than other
algorithms.

Table 2

The rate of improvement 7 for the other algorithms on the second synthetic networks.

T-E-NMF

birthdeath expand  hide  mergesplit

E-NMF 0.0063 0.0272  0.0278 0.0012
EMF 0.9785 1.0852 0.4564 1.3307
DYNMOGA | 0.1450 0.2698 0.0788 0.2047

T-D-NMF

D-NMF 0.0737 0.1043  0.0862 0.0897
EMF 0.9144 1.0423  0.4709 1.2439
DYNMOGA | 0.1127 0.2437  0.0896 0.1598

4 Conclusion and discussions

In this paper, we mainly consider the connection strength of human relationship,
and propose a community structure partition algorithm based on nonnegative ma-
trix factorization for the dynamic networks. We assume that the strong connection
strength people tend to join in the same community. Firstly, we used the embed-
dedness and dispersion to describe the connection strength of pair nodes. Then, we
constructed the node strength matrix E;, D; at each timestamp ¢. The nonnegative
matrix factorization methods (T-E-NMF and T-D-NMF) for dynamic community
detection were proposed by incorporating a partial information into NMF. Finally,
we do experiments to evaluate our algorithm performance on the synthetic net-
works. We first compare the algorithms whether or not considering the previous
structure information. The experimental results indicate that, the values of the nor-
malized mutual information (NMI) obtained by our algorithm are improved 0.3425,
0.5191 on the first synthetic networks, and improved a little on the second syn-
thetic networks for T-E-NMF and T-D-NMF. Then, we compared with other two
algorithms (DYNMOGA and EMF), the results show that our algorithms perform
better than other algorithms on the both synthetic networks.

We propose a detecting community structure algorithm for dynamic networks, how-
ever, there are following problems to be resolved. The number of communities
should be previously given, considering the characteristics of real networks, the

12



number of communities is unknown, how to determine exactly how many commu-
nities in the networks should be addressed[45]. After detecting the communities of
nodes, tracing the community evolution is a challenge work, using the Markov pro-
cess to describe the evolution of community structure[46] is an important method
for this problem.
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