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Adaptive tracking control of a class of MIMO nonlinear system preceded by unknown hysteresis is investigated. Based on
dynamic surface control, an adaptive robust control law is developed and compensators are designed to mitigate the influences
of both the unknown bounded external uncertainties and the unknown Prandtl–Islinskii hysteresis. By adopting the low-pass
filters, the explosion of complexity caused by tedious computation of the time derivatives of the virtual control laws is
overcome. With the proposed control scheme, the closed-loop system is proved to be semi-globally ultimately bounded by
the Lyapunov stability theory, and the output of the controlled system can track the desired trajectories with an arbitrarily
small error. Finally, numerical simulations are given to verify the effectiveness of the proposed approach.

Keywords: nonlinear MIMO system; Prandtl–Islinskii hysteresis; dynamic surface control; adaptive control

1. Introduction

Hysteresis exists in a wide range of physical systems and
smart materials, e.g. tribology, electromagnetism, piezo-
electrics, shape memory alloys, pneumatic artificial mus-
cles and ionic polymer metal composites (Deng & Wang,
2012; Esbrook, Tan, & Khalil, 2013; Tan & Baras, 2004;
Vo-Minh, Tjahjowidodoand, Ramon, & Van Brussel, 2011).
The presence of hysteresis in the nonlinear systems of-
ten limits system performance and even causes instabil-
ity (Tao & Kokotovic, 1995). However, hysteretic nonlin-
earities are generally complicated with multi-values and
non-smooth features, which make the hysteretic control
problem usually difficult and challenging. Owing to the
growing industrial demands involving various applica-
tions of smart-material-based actuators and sensors, it has
received increasing attention recently. Many mathemati-
cal models have been developed to characterise the be-
haviour of hysteresis, such as Presiach model, Prandtl–
Ishlinskii (P-I) model, Duhem model, backlash hysteresis
model, B-W model, etc. and interested readers can refer to
Macki, Nistri and Zecca (1993). Meanwhile, various con-
trol methods have been put forward to control hysteresis in
systems.

Generally, the research addressing hysteresis in con-
trol system can be classified into two groups. One is to
construct the inversion of the hysteresis to compensate
for the hysteretic effect (for example Esbrook et al. 2013;
Gu, Zhu, & Su, 2014; Krejci & Kuhnen, 2001; Shan &
Leang, 2009; Tan & Baras, 2004; Zhou, Wen, & Li, 2012).

∗
Corresponding author. Email: wdzhang@sjtu.edu.cn

Nevertheless, constructing the inverse operator for the
hysteresis model is always challenging; furthermore, this
method is often complicated, computationally costly and
possesses strong sensitivity of the model parameters to the
unknown measurement errors. These issues are directly
linked to the difficulties of guaranteeing the stability of
systems except for certain special cases (Tao & Kokotovic,
1995). While the other is to develop the control algorithm
without constructing the inverse model of the hysteresis (for
example Cai, Wen, Su, & Liu, 2013; Li, Tong, & Li, 2012;
Mousavi, Ranjbar-Sahraei, & Noroozi, 2012; Ren, San, Ge,
& Lee, 2009; Su, Wang, Chen, & Rakheja, 2005), which
has drawn much interest from control community, since
it can allow designers to fuse the available robust control
techniques to mitigate the effects of hysteresis. For example,
based on dynamics surface control and neural network, Ren
et al. (2009) proposed an adaptive robust control scheme
for a class of uncertain strict feedback nonlinear system
with backlash-like hysteresis, so that the output of the con-
trolled system can track the desired trajectory with small
error, where the backlash hysteresis is treated as a bounded
disturbance-like term of the controlled system. Similarly,
Cai et al. (2013) developed a backstepping-based adaptive
robust controller for a class of the uncertain system with
actuator with backlash-like hysteresis. Su et al. (2005) and
Zhang, Lin, and Mao (2011) investigated adaptive robust
control for a class of the nonlinear system with unknown
P-I hysteresis, and variable structure control based con-
troller and dynamic surface control (DSC) based controller

C© 2014 Taylor & Francis

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

on
ne

ct
ic

ut
] 

at
 0

6:
19

 1
2 

Ja
nu

ar
y 

20
15

 

http://dx.doi.org/10.1080/00207721.2014.994051
mailto:wdzhang@sjtu.edu.cn


2 G. Fu et al.

were developed, respectively, since the nonlinear item of
P-I hysteresis cannot be assumed to be bounded as the
backlash-like hysteresis, it is mitigated by designing another
compensator.

While a large number of literatures are available on the
robust control for uncertain SISO systems with unknown
hysteresis, the number on MIMO systems with hysteresis is
relatively small (Li et al., 2012; Mousavi et al., 2012; Par-
langeli & Corradini, 2005). It is undoubtedly that MIMO
system widely exists in the real world, e.g. aircraft (Tang,
Tao, & Joshi 2007), robot (Qiao, Dai, Liu, & Wang, 2007)
and HVAC system (Anderson et al. 2008). The adaptive
control of MIMO systems has been extensively studied in
the past decades from many aspects. For example, effec-
tive control strategies have been provided for the uncertain
MIMO system with time-delays, dead-zones and input sat-
uration constraints (Chen, Ge, & Ee, 2010; Zhang & Ge,
2007) and so on. Moreover, due to the increasing applica-
tions of smart-material-based actuators (for example Jain,
Majumder, & Dutta, 2012; Kim et al., 2003; Shan & Leang,
2009), which inherently exhibit hysteretic nonlinearity, it is
of great value and interest to study the nonlinear MIMO sys-
tems with hysteretic actuators. In this paper, robust adaptive
tracking control of uncertain MIMO nonlinear system with
unknown P-I hysteresis is investigated. The control goal
is that the tracking error would be within an arbitrarily
small set. To this end, a robust adaptive controller is de-
veloped based on DSC (Swaroop, Hedrick, Yip, & Gerdes,
2000), and compensator is designed to attenuate the effect
of the external uncertainties. Since P-I hysteresis model
contains an integral function, which is not assumed to be
bounded, it cannot be simply treated as a bounded external
disturbance-like term of the controlled system as in the lit-
eratures (Li et al. 2012; Mousavi et al., 2012; Parlangeli &
Corradini, 2005). This would make the problem much more
difficult, and in this paper, we introduce another compen-
sator to compensate for the influence of the uncertain P-I
hysteresis.

The main advantages of this paper are as follows: (1)
by designing compensator, the proposed control scheme
can mitigate the influences of both the unknown bounded
external uncertainties and the P-I hysteresis which can-
not be treated as a bounded disturbance-like term of the
controlled system, and can be applied to a larger num-
ber of the system with hysteresis, (2) the information on
the boundaries of external uncertainties is not needed and
(3) the explosion of the complexity of traditional back-
stepping method is overcome by introducing the low-pass
filter.

The rest of this paper is organised as follows. The de-
scription of P-I hysteresis and the problem formulation are
given in Section 2. Section 3 presents the adaptive robust
controller design and the theoretical analysis, while the
simulation results are provided in Section 4. Finally, some
conclusions are presented in Section 5.

2. Problem formulation and preliminaries

2.1. Prandtl–Islinskii hysteresis

As the sub-class of Presiach hysteresis model, P-I hysteresis
is symmetric and rate independent and has been applied to
describe the hysteretic behaviour of such smart-material-
based actuator as PZT (Shan & Leang, 2009).

P-I hysteresis is an operator-type model and formulated
through a weighted superposition of the so-called play oper-
ator or stop operator with threshold. The detail information
can be found in Brokate and Sprekels (1996) and Shan and
Leang (2009).

Let the input signal u(t) is piecewise monotonous over
the interval (ti , ti+1] for 0 ≤ i ≤ N − 1 and 0 = t0 < t1
< · · · < tN. Herein, by referring to Brokate and Sprekels
(1996), the play operator Fr [u; w−1] and the stop operator
Er [u; w−1] with threshold r are defined as

Fr [u; w−1](0) = fr (u(0), w−1),

Fr [u; w−1](t) = fr (u(t), Fr [u; w−1](ti)),

Er [u; w−1](0) = er (u(0) − w−1),

Er [u; w−1](t) = er (u(t) − u(ti) + Er [u; w−1](ti)),

where w−1 is the initial value before the input signal
u(t) is applied at time t = 0 , and the function fr (u, α) =
max(u−r, min(u + r, α)) and er (u) = min(r, max(−r, u)) .

It can be proved that the play operator Fr [u; w−1]
is the complement of the stop operator Er [u; w−1], i.e.
Er [u; w−1](t) + Fr [u; w−1](t) = u(t).

P-I model can be defined by stop operator or play oper-
ator, both of which are equivalent. Here, we adopt the play
operator to define P-I hysteresis, which can be expressed
by Equation (1) by referring to Su et al. (2005) and Brokate
and Sprekels (1996)

w(t) = u(t)
∫ ∞

0
p(r) dr −

∫ ∞

0
p(r)Fr [u](t) dr, (1)

where p(r) is the unknown density function, satisfying
p(r) ≥ 0 with

∫ ∞
0 rp(r) dr < ∞, and can affect the shape

and size of the hysteresis curve.
Since the density function p(r) vanishes for large value

of r , it is reasonable to assume that there exists large enough
constant R such that p(r) = 0 for r > R, although R = ∞
is commonly chosen as the upper limit of the integration.
Denote the constant p0 = ∫ R

0 p(r) dr , and Equation (1) can
be expressed as

w(t) = p0u(t) −
∫ R

0
p(r)Fr [u](t) dr. (2)

As an example, hysteresis curve generated from
P-I model (2) is shown in Figure 1, where p(r) =
0.5e−0.067(r−1)2

, with r ∈ [0, 50], the input u(t) = 7 sin 3t
1+t
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Figure 1. The illustration of P-I hysteresis.

with t ∈ [0, 8], and w−1, respectively. It can be indicated
from Figure 1 that Equation (2) exhibits hysteresis indeed
and can be taken to describe hysteretic behaviour.

2.2. Problem formulation

Consider the following MIMO model:

ẋ1 = F1(x̄1, t)θ1 + G1(x̄1, t)x2 + D1(x̄1, t),
...

ẋn−1 = Fn−1(x̄n−1, t)θn−1 + Gn−1(x̄n−1, t)xn

+ Dn−1(x̄n−1, t),

ẋn = Fn(x̄n, t)θn + Gn(x̄n, t)w(t) + Dn(x̄n, t),

y = x1, (3)

where xi ∈ Rm, i = 1, 2, . . . , n are the state vectors and
x̄i = [x1, x2, . . . , xi]; Fi ∈ Rm×qi are the known nonlinear
system functions; θ i ∈ Rqi are the uncertain system param-
eter vectors; Gi ∈ Rm×m are the known invertible smooth
control coefficient matrices; Di ∈ Rm are the bounded un-
known uncertainties; y ∈ Rm is the output of the system;
while w(t) ∈ Rm = [w1, . . . , wm]T is the actual input of
the controlled system and the output of the actuators with
P-I hysteresis, where wi(t)(i = 1, 2, . . . , m) is defined by
Equation (2).

Without loss of generality, in this paper, we assume
all the elements in w(t) = [w1, . . . , wm]T exhibit the same
hysteretic behaviour in this work, i.e. wi(i = 1, 2, . . . , m)
have the same density function p(r) and upper bound R,
thus

wi(t) = p0ui(t) −
∫ R

0
p(r)Fr [ui](t) dr, (i = 1, . . . , m).

(4)

Thus, Equation (4) can be rewritten in the form of vec-
tor

w(t) = H [u](t) = p0u(t) −
∫ R

0
p(r)Fr [u](t) dr, (5)

where u ∈ Rm = [u1, . . . , um]T .
DenoteHN [u](t) = [HN [u1],HN [u2], . . . , HN [um]]T=∫ R

0 p(r)Fr [u]dr , and by substituting Equation (5) into
Equation (3), we have

ẋ1 = F1(x̄1, t)θ1 + G1(x̄1, t)x2 + D1(x̄1, t),
...

ẋn−1 = Fn−1(x̄n−1, t)θn−1 + Gn−1(x̄n−1, t)xn

+ Dn−1(x̄n−1, t),

ẋn = Fn(x̄n, t)θn + p0Gn(x̄n, t)u(t) − Gn(x̄n, t)HN [u](t)

+ Dn(x̄n, t),

y = x1. (6)

The control objective is to design adaptive controller
u(t) for system (6), such that the system output y can track
the desired trajectories yd in a small neighbourhood of zero
in the presence of the system uncertainties and hysteretic
nonlinearities, i.e. limt→∞‖y(t) − yd (t)‖ = σ , where
σ → 0.

Remark 1: The nonlinear system expressed by (3) can
present many practical systems such as aircraft (Tang et al.,
2007), robot (Dawson, Carroll, & Schneider, 1994) and so
on.

To facilitate the controller design, the following as-
sumptions are made and some useful lemmas are presented.

Assumption 1: For the unknown uncertainties and dis-
turbances Di = [Di1, . . . , Dim]T , there exists unknown
bounded constants ϕij > 0 such that |Dij | ≤ ϕij , j = 1,
2, . . . , m, and denote �i = [ϕi1, . . . , ϕim]T .

Assumption 2: The desired trajectories yd = [yd1

, . . . , ydm]T are continuous and available, and for ev-
ery element in yd , [ydi, ẏdi , ÿdi]T ∈ �di (i = 1, 2, . . . ,
m), with the known compact set �di = {[ydi, ẏdi , ÿdi]T :
y2

di + ẏ2
di + ÿ2

di ≤ K0i}.
Remark 2: Assumption 1 assumes that the disturbances
are bounded, which is reasonable in practical engineering
and have been claimed in other literatures (for example Ren
et al., 2009; Li, Tong, & Li, 2012; Chen et al., 2010), while
Assumption 2 is one of the basic requirements of DSC
(Swaroop et al. 2000).

Lemma 1 (Polycarpou and Ioannou, 1996): The following
inequality holds for any ε > 0 and for any η ∈ R,

0 ≤ |η| − η tanh
(η

ε

)
≤ kpε, (7)
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where kp is a constant that satisfies kp = e−(kp+1), i.e. kp =
0.2758.

3. Main results

3.1. Adaptive controller design

In this section, the controller u(t) for the system
(1) would be developed based on the adaptive DSC,
which is based on the change of coordinates: S1= x1 −
yd , Si= xi − xid (i = 2, 3, . . . , n), where Si ∈ Rm(i =
1, . . . , n) = [Si1, . . . , Sim]T is the error surface and xid

is the output of filtered virtual control signal xi(i =
2, . . . , n) ∈ Rm, which will be determined later. Before pro-
ceeding with the controller developing procedure, another
error signals are defined as zi= xid − xi(i = 2, 3, . . . , n),
thus xi = Si + xi + zi .

The controller design will be done in the following
steps.

Step 1: for the first error surface S1= x1 − yd , its deriva-
tive with respect to t along (6) is

Ṡ1 = ẋ1−ẏd = F1(x̄1, t)θ1 + G1(x̄1, t)x2 + D1(x̄1, t) − ẏd

= F1(x̄1, t)θ1 + G1(x̄1, t)(S2 + x2 + z2)

+ D1(x̄1, t) − ẏd . (8)

Choose the Lyapunov candidate function as

V1 = 1

2
ST

1 S1 + 1

2
θ̃

T
1 θ̃1 + 1

2
�̃

T
1 �̃1 + 1

2
zT

2 z2, (9)

where θ̃1 = θ1 − θ̂1, �̃1 = �1 − �̂1 with θ̂1 and �̂1 as the
estimations of the unknown system parameter vector θ1 and
unknown bounded constant vector �1, respectively.

The derivative of (9) along system (6) is

V̇1 = ST
1 (F1(x̄1, t)θ1 + G1(x̄1, t)(S2 + x2 + z2)

+ D1(x̄1, t) − ẏd ) + +θ̃T
1

˙̃
θ1 + �̃

T
1

˙̃�1 + zT
2 ż2

≤ ST
1 F1(x̄1, t)θ1 + ST

1 G1(x̄1, t)x2 + ST
1 G1(x̄1, t)(S2 + z2)

+
m∑

j=1

|S1j ||D1j | − ST
1 ẏd + θ̃T

1
˙̃
θ1 + �̃

T
1

˙̃�1 + zT
2 ż2

≤ ST
1 F1(x̄1, t)θ1 + ST

1 G1(x̄1, t)x2 + ST
1 G1(x̄1, t)(S2 + z2)

+
m∑

j=1

|S1j |ϕ1j − ST
1 ẏd + θ̃

T
1

˙̃
θ1 + �̃

T
1

˙̃�1 + zT
2 ż2.

(10)

According to Lemma 1, it can be obtained that

m∑
j=1

|S1j |ϕ1j ≤
m∑

j=1

(
kpε1j + S1j tanh

(
S1j

ε1j

))
ϕ1j

= �T
1 �1 + ST

1 Tanh(S1)�1,

where denote �1 = [kpε11, . . . , kpε1m]T and Tanh(S1) =
diag(tanh S11

ε11
, . . . , tanh S1m

ε1m
) .

Thus Equation (10) yields

V̇1 ≤ ST
1 F1(x̄1, t)θ1 + ST

1 G1(x̄1, t)x2

+ ST
1 G1(x̄1, t)(S2 + z2) + �T

1 �1

+ ST
1 Tanh(S1)�1 − ST

1 ẏd + θ̃
T
1

˙̃
θ1 + �̃

T
1

˙̃�1 + zT
2 ż2.

(11)

Choose the virtual control law as

x2 = G−1
1 (−k1S1 − F1(x̄1, t)θ̂1 − Tanh(S1)�̂1 + ẏd ),

(12)

where k1 is a positive constant and would be determined
later.

The update laws of the unknown parameters θ̂1 and �̂1

are chosen as

˙̂
θ1 = FT

1 (x̄1, t)S1 − ρ1θ̂1,
˙̂
�1 = Tanh(S1)S1 − λ1�̂1,

(13)

where ρ1λ1 are positive designed parameters.
By substituting (12) and (13) into (11), it yields

V̇1 ≤ −k1ST
1 S1 + �T

1 �1 + ST
1 G1(x̄1, t)(S2 + z2)

+ zT
2 ż2 + ρ1θ̃

T

1 θ̂1 + λ1�̃
T

1 �̂1. (14)

Let the virtual control x2 pass through a first-order filter

τ2ẋ2d + x2d = x2, x2d (0) = x2(0), (15)

where τ2 is the designed constant which can be chosen
arbitrarily small and would be determined later.

Remark 3: From (15), we have ẋ2d = x2−x2d

τ2
, such that

it can avoid solving the derivative of x2d, which is the
source of the ‘explosive terms’ in the traditional backstep-
ping method.

Stepi(2 ≤ i ≤ n − 1): for the error Si= xi − xid , its
derivative along the system (6) is

Ṡi = Fi(x̄i , t)θ i + Gi(x̄i , t)xi+1 + Di(x̄i , t) − ẋid

= Fi(x̄i , t)θ i + Gi(x̄i , t)(Si + xi+1 + zi+1)

+ Di(x̄i , t) − ẋid . (16)

Choose the Lyapunov function candidate as

Vi = 1

2
ST

i Si + 1

2
θ̃

T
i θ̃ i + 1

2
�̃

T
i �̃i + 1

2
zT
i zi , (17)
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International Journal of Systems Science 5

where θ̃ i = θ i − θ̂ i , �̃i = �i − �̂i with θ̂ i and �̂i as the
estimations of θ i and �i .

By substituting (16) and invoking Lemma 1, its deriva-
tive can be obtained as

V̇i ≤ ST
i Fi(x̄i , t)θ i + ST

i Gi(x̄i , t)(Si + xi+1 + zi+1)

+�T
1 �1 + ST

1 Tanh(S1)�1 − ST
i ẋid

+ θ̃
T
i

˙̃
θ i + �̃

T
i

˙̃�i + zT
i żi . (18)

Similarly, choose the virtual control as

xi+1 = G−1
i (−kiSi − Fi(x̄i , t)θ̂ i − Tanh(Si)�̂i + ẋid ),

(19)

where ki>0.
Adaptive update laws are given by

˙̂
θ i = FT

i (x̄i , t)Si − ρi θ̂ i ,
˙̂
�i = Tanh(Si)Si − λi�̂i, (20)

where ρiλi are positive designed parameters.
Substituting (19) and (20) into (18) yields

V̇i ≤ −kiS
T
i Si + ST

i Gi(x̄i , t)(Si+1 + zi+1) + �T
i �i

+ zT
i+1żi+1 + ρi θ̃

T

i θ̂ i + λi�̃
T

i �̂i . (21)

Let the virtual control law xi+1 pass through the low-
pass filter

τi+1ẋ(i+1)d + x(i+1)d = xi+1, x(i+1)d (0) = xi+1(0), (22)

where τi+1 is a positive designed parameter that will be
chosen later.

Stepn: In this final step, the adaptive control law will
be presented. The derivative of the final error surface
Sn= xn − xnd along the system (6) is

Ṡn = ẋn − ẋnd = Fn(x̄n, t)θn + p0Gn(x̄n, t)u(t)

+ Dn(x̄n, t) − Gn(x̄n, t)HN [u](t) − ẋnd . (23)

Consider the following Lyapunov function candidate

VSn
= 1

2
ST

n Sn. (24)

By differentiating (24) along (23) and invoking Lemma
1, it yields

V̇Sn
≤ ST

n Fn(x̄n, t)θn + ST
n p0Gn(x̄n, t)u(t)

+�T
n �n + ST

n Tanh(Sn)�n

− ST
n Gn(x̄n, t)HN [u](t) − ST

n ẋnd

≤ ST
n Fn(x̄n, t)θn + ST

n p0Gn(x̄n, t)u(t) + �T
n �n

+ ST
n Tanh(Sn)�n − ST

n ẋnd

+ ‖Gn(x̄n, t)‖ ST
n Sgn(Sn)H̄N [u](t), (25)

where Sgn(Sn) = diag(sgn(Sn1), sgn(Sn2), . . . , sgn(Snm))
and H̄N [u](t) = ∫ R

0 p(r)F̄r [u]dr with F̄r [u] =
[|Fr [u1]|, . . . , |Fr [um]|]T .

Remark 4: It should be noted that unlike the backlash-like
hysteresis, whose nonlinearities can be regarded as bounded
disturbance-like term, the nonlinear term HN [u](t) in P-
I hysteresis (5) cannot be assumed to be bounded, since
HN [u](t) is presented as an integral function of the un-
known density function p(r) and the play operator Fr [u],
which may be unbounded with the input.

Remark 5: H̄ (u) would be discretised by H̄ [u] =∑N
i=0 p̂(i
r)F̄i
r [u]
r , where N is the level of discretisa-

tion such that N = R

r

, and its size depends on the trade-off
of the accuracy of discretisation and computation efficiency,
and usually it is neither very small nor very large.

Choose the control law as

u = χ̂uH , (26)

uH = G−1
n [−kn(Sn − υ) − Fn(x̄n, t)θ̂n − Tanh(Sn)�̂n

+ uHC + ẋnd ], (27)

uHC = −‖Gn(x̄n, t)‖Sgn(Sn) ˆ̄H [u](t), (28)

where kn > 0 is a small positive constant which will be
chosen in accordance with the tracking performance, χ̂ is

the estimation of 1
p0

and ˆ̄H [u] = ∫ R

0 p̂(r)F̄r [u]dr , where
p̂(r) is the estimation of the density function p(r) .

Remark 6: Since the density function p(r) is not a func-
tion of time t , it can be treated as parameters of hysteresis
model and estimated by an adaptive law.

The update laws of the parameters are chosen as

˙̂
θn = FT

n (x̄n, t)Sn − ρnθ̂n,

˙̂
�n = Tanh(Sn)Sn − λn�̂n,

˙̂χ = −ST
n Gn(x̄n, t)uH − σ χ̂,

∂p̂(r)

∂t
= ‖Gn‖ ST

n Sgn(Sn)F̄r (u) − κp̂(r), (29)

where ρn, λn, σ, κ are positive designed parameters.

Define the error signals ˜̄H [u] = H̄ [u] − ˆ̄H [u] =∫ R

0 [p(r) − p̂(r)]F̄r [u]dr , θ̃n = θn − θ̂n, �̃n = �n − �̂n,

χ̃ = 1/p0
− χ̂ and consider the augmented Lyapunov func-

tion as

Vn = VSn
+ 1

2
θ̃

T
n θ̃n + 1

2
�̃

T

n �̃n + p0

2
χ̃2 + 1

2

∫ R

0
p̃(t, r)2dr

(30)
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6 G. Fu et al.

By substituting (25)–(29), its derivative is obtained as

V̇n ≤ −knST
n Sn + �T

n �n + ρnθ̃
T

n θ̂n + λn�̃
T

n �̂n

+p0σ χ̃χ̂ + κ

∫ R

0
p̃(t, r)p̂(t, r)dr. (31)

Remark 7: Tanh(Si)�̂i(i = 1, 2, . . . , n) in (12), (19), (27)
is introduced to compensate for the influence of the bounded
disturbances Di(i = 1, 2, . . . , n).

Remark 8: In (28), by estimating the value of 1/p0 rather
than p0, it can avoid the extreme situation that when p̂0 is
zero, 1/p̂0 will not exist.

Remark 9: The compensator uHC in (27) is designed to
mitigate the effect of P-I hysteresis.

Remark 10: It can be indicated that when such the
bounded hysteresis as backlash hysteresis is considered in
the controlled system, the proposed controller (27) is also
applicable as long as we set the compensator uHC as zero.

Now, we present the main result of this paper as follows:

Theorem 1: For the uncertain MIMO system of (6) under
Assumptions 1–3 and given that all the full information
of states of (6) are available, if the proposed control law
(26), (27), (28) and adaptive update laws (13), (20), (29)
are employed, then with any bounded initial condition of
the controlled system (6), the following results would be
ensured:

(1) all the signals of the closed-loop control system (6)
are semi-globally ultimately uniformly bounded;

(2) the trajectories of the system output y(t) can
asymptotically approach that of the desired yd (t)
with an arbitrarily small tracking error, i.e.
limt→∞‖y(t) − yd (t)‖ = σ can be achieved.

3.2. Stability analysis

In this section, we will present the proof of Theorem 1 and
analyse the stability of the system (6) under the proposed
control scheme.

Proof: As for the filter error z2 = x2d − x2, with z2 =
[z21, . . . , z2m]T , we have its derivative by considering (12)

ż2 = ẋ2d − ẋ2 = ẋ2d − ˙̄G1(−k1S1 − F1(x̄1, t)θ̂1

− Tanh(S1)�̂1 + ẏd )

− Ḡ1(−k1Ṡ1 − F1(x̄1, t)
˙̂
θ1 − ∂F1(x̄1, t)

∂ x̄T
1

θ̂1

− Tanh(S1) ˙̂
�1 − (Im − Tanh(S1)Tanh(S1))�̂1 + ÿd ).

(32)

Since ẋ2d = x2−x2d

τ2
= − z2

τ2
, (32) can be rewritten as

ż2 + z2

τ2
= − ˙̄G1[−k1S1 − F1(x̄1, t)θ̂1 − Tanh(S1)�̂1 + ẏd ]

− Ḡ1

[
− k1Ṡ1 − F1(x̄1, t)

˙̂
θ1

− ∂F1(x̄1, t)

∂ x̄T
1

θ̂1 − Tanh(S1) ˙̂
�1

− [Im − Tanh(S1)2]�̂1 + ÿd

]
. (33)

As such

∣∣∣∣ż2j + z2j

τ2

∣∣∣∣ ≤ η2j (S1, S2, k1, z2, θ̂1, �̂1, yd , ẏd , ÿd ),

j = 1, 2, . . . , m, (34)

where η2j (S1, S2, k1, z2, θ̂1, �̂1, yd , ẏd , ÿd ) is a continuous
function. Thus, we can have

zT
2 ż2 ≤ −zT

2 z2

τ2
+

m∑
i=1

|z2i | η2i . (35)

By induction,

żi+1 + zi+1

τi+1
= − ˙̄Gi[−kiSi − Fi(x̄i , t)θ̂ i

− Tanh(Si)�̂i + ẋid ] − Ḡi

[
− ki Ṡi − Fi(x̄i , t)

˙̂
θ i

− ∂Fi(x̄i , t)

∂ x̄T
i

˙̄xi θ̂ i − Tanh(Si)
˙̂
�i

− [Im − Tanh(Si)
2]�̂i + ẍid

]
, (36)

where i = 2, . . . , n − 1. As such

∣∣∣∣ż(i+1)j + z(i+1)j

τ(i+1)

∣∣∣∣ ≤ η(i+1)j (S1, . . . , Si+1, k1, . . . , ki,

z2, . . . , zi+1, θ̂ i , �̂i , yd , ẏd , ÿd ), (37)

where j = 1, 2, . . . , m, and η(i+1)j (S1, . . . , Si+1,

k1, . . . , ki, z2, . . . , zi+1, θ̂ i , �̂i , yd , ẏd , ÿd ) is a continuous
function. Thus

zT
i+1żi+1 ≤ −zT

i+1zi+1

τi+1
+

m∑
j=1

|z(i+1)j |η(i+1)j . (38)
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By substituting (38) into (14) and according to Young’s
equality, it can be represented as

V̇1 ≤ −k1ST
1 S1 + �T

1 �1 + ST
1 G1(x̄1, t)(S2 + z2)

− zT
2 z2

τ2
+

m∑
i=1

|z2i | η2i + ρ1θ̃
T

1 θ̂1 + λ1�̃
T

1 �̂1

≤ (−k1 + ‖G1(x̄1, t)‖2)ST
1 S1 + 1

2
‖S2‖2 + 1

2
‖z2‖2

+ 1

2
‖�1‖2 + 1

2
‖�1‖2

− zT
2 z2

τ2
+

m∑
j=1

∣∣z2j

∣∣ η2j + ρ1θ̃
T

1 θ̂1 + λ1�̃
T

1 �̂1. (39)

Similarly, (21) can be represented as

V̇i ≤ −kiS
T
i Si + ST

i Gi(x̄i , t)(Si+1 + zi+1) + �T
i �i

− zT
i+1zi+1

τi+1
+

m∑
j=1

∣∣z(i+1)j

∣∣ η(i+1)j

+ ρi θ̃
T

i θ̂ i + λi�̃
T

i �̂i

≤ (−ki + ‖Gi(x̄i , t)‖2)ST
i Si + 1

2
‖Si+1‖2 + 1

2
‖zi+1‖2

+ 1

2
‖�i‖2 + 1

2
‖�i‖2

− zT
i+1zi+1

τi+1
+

m∑
j=1

∣∣z(i+1)j

∣∣ η(i+1)j + ρi θ̃
T

i θ̂ i + λi�̃
T

i �̂i .

(40)

Consider the Lyapunov function of the controlled sys-
tem (6):

V =
n∑

i=1

Vi. (41)

Considering (31), (39), (40), we have its derivative as

V̇ ≤ [−k1 + ‖G1(x̄1, t)‖2] ‖S1‖2

+
n−1∑
i=2

[
−ki + ‖Gi(x̄i , t)‖2 + 1

2

]
‖Si‖2

+
(

−kn + 1

2

)
‖Sn‖2 + 1

2

n∑
i=1

‖�i‖2 + 1

2

i=n∑
i=1

‖�i‖2

−
n−1∑
i=1

zT
i+1zi+1

τi+1
+

n−1∑
i=1

m∑
j=1

∣∣z(i+1)j

∣∣ η(i+1)j

+
n∑

i=1

(
ρi θ̃

T

i θ̂ i + λi�̃
T

i �̂i

)

+p0σ χ̃χ̂ + κ

∫ R

0
p̃(t, r)p̂(t, r)dr. (42)

Since for any K0i > 0, the sets �di =
{[ydi, ẏdi , ÿdi]T : y2

di + ẏ2
di + ÿ2

di ≤ K0i} are compact
in R3. For any given p > 0, the sets �k = {∑k

j=1 Vj ≤ 2p},
k = 1, 2, . . . , n, are compact set. η(i+1)j (·) has a maximum
M(i+1)j on �di × �k .

Invoking Young’s inequality, we have

m∑
j=1

∣∣z(i+1)j

∣∣ η(i+1)j ≤
m∑

j=1

∣∣z(i+1)j

∣∣ M(i+1)j

≤
m∑

j=1

(
z2

(i+1)jM
2
(i+1)j

2μ
+ μ

2

)
. (43)

By denoting Mi+1 = max{M(i+1)1, . . . M(i+1)j . . . ,

M(i+1)m}, (43) can be represented as

m∑
j=1

∣∣z(i+1)j

∣∣ η(i+1)j ≤
m∑

j=1

(
z2

(i+1)jM
2
(i+1)j

2μ
+ μ

2

)

≤ M2
i+1

2μ
zT
i+1zi+1 + mμ

2
. (44)

By substituting (44) into (42), we have

V̇ ≤ (−k1 + ‖G1(x̄1, t)‖2) ‖S1‖2

+
n−1∑
i=2

[
−ki + ‖Gi(x̄i , t)‖2 + 1

2

]
‖Si‖2

+
(

−kn + 1

2

)
‖Sn‖2

+ 1

2

n∑
i=1

‖�i‖2 +
n−1∑
i=1

(
M2

i+1

2μ
− 1

τi+1
+ 1

2

)
‖zi+1‖2

+m(n − 1)μ

2
+

n∑
i=1

(
ρi θ̃

T

i θ̂ i + λi�̃
T

i �̂i

)

+p0σ χ̃χ̂ + κ

∫ R

0
p̃(t, r)p̂(t, r)dr. (45)

Invoking the Young’s inequality, we have the following
inequalities

θ̃
T

i θ̂ i = θ̃
T

i (θ i − θ̃ i) ≤ 1

2
‖θ i‖2 − 1

2

∥∥θ̃ i

∥∥2
,

�̃
T

i �̂i = �̃
T

i (�i − �̃i) ≤ 1

2
‖�i‖2 − 1

2

∥∥�̃i

∥∥2
,

χ̃ χ̂ = χ̃(χ − χ̃) ≤ 1

2
χ2 − 1

2
χ̃2,∫ R

0
p̃(t, r)p̂(t, r)dr =

∫ R

0
p̃(t, r)[p(t, r) − p̃(t, r)]dr

≤
∫ R

0

[
1

2
p(t, r)2 − 1

2
p̃(t, r)2

]
dr. (46)
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8 G. Fu et al.

Choose the designed parameters as

k1 ≥ ‖G1(x̄1, t)‖2 + α0,

ki ≥ ‖Gi(x̄i , t)‖2 + 1

2
+ α0, (i = 2, 3, . . . , n − 1),

kn ≥ 3

2
+ α0,

1

τi+1
≥ M2

i+1

2μ
+ 1

2
+ α0,

ρi ≥ α0, λi ≥ α0, i = 1, 2, . . . , n,

σ ≥ α0, κ ≥ α0, kn1 > 1 + α0, kn2 > α0, (47)

where α0 is a positive constant.
By substituting (46) and (47) into (45), we can have

V̇ ≤ −α0V + C, (48)

where C = 1
2

∑n
i=1 ρi‖θ i‖2 + 1

2

∑i=n
i=1 (1 + λi)‖�i‖2 +

p0σ
2 χ2 + 1

2

∫ R

0 p(t, r)2dr + m(n−1)μ
2 .

If α0 > C
/
p, it follows from (48) that V̇ < 0 on V =

p; thus, V ≤ p is an invariant set, i.e. if V (0) ≤ p, then
V (t) ≤ p for all t > 0.

By integrating both sides of Equation (48), it can be
solved by

0 ≤ V (t) ≤
[
V (0) − C

α0

]
e−α0t + C

α0
. (49)

Moreover, it can be obtained from (49) that

lim
t→∞ ‖y(t) − yd (t)‖2 ≤ lim

t→∞ V (t) = C

α0
. (50)

It can be implied that V(t) is bounded, and all the signals
of the closed-loop system, i.e. Si , θ̃ i , �̃i, zi+1, χ̃ , p̃(r) are
semi-globally uniformly bounded. Moreover, by adjusting
the designed parameters, we can make C

α0
arbitrarily small,

that is the tracking errors can be made within an arbitrarily
small set. Usually, the larger α0, the smaller tracking error.
However, if α0 is too large, so is the control gain of u, i.e.
the amplitude of the controller u would become very large.
Thus, it should be balanced in the real world application.

4. Numerical Simulations

Consider the following two-order uncertain MIMO nonlin-
ear system with unknown P-I hysteresis:

ẋ1 = F1(x̄1, t)θ1 + G1(x̄1, t)x2 + D1(x̄1, t),

ẋ2 = F2(x̄2, t)θ2 + G2(x̄2, t)w(t) + D2(x̄2, t),

y = x1, (51)

where

x1 = [x11, x12]T , x2 = [x21, x22]T , θ1 = [0.5, 0.5]T ,

θ2 = [1, 2]T ,

F1(x̄1, t) =
[

x11e
−0.5x11 0
0 x11x12

]
,

F2(x̄2, t) =
[

x11x21 0
0 x11x12x22

]
,

G1(x̄1, t) =
[

1 + sin(x2
11) −2

5 2 + sin x11

]
,

G2(x̄2, t) =
[

3 + cos(x21x11) 0
cos(x22) 2 + cos x12

]
,

D1(x̄1, t) =
[

0.15 sin t + 0.35 sin(x11x12)
0.6 sin x12 + 0.4 sin(2x12t)

]
,

D2(x̄2, t) =
[

0.2 cos
(
x12 + x2

22

) + 0.3 sin(x11t)
0.4 cos(x21) + 0.1 sin(0.5t)

]
,

w(t) = [w1(t), w2(t)]T =
[

p0u1(t) − ∫ R

0 p(r)Fr [u1(t)] dr

p0u2(t) − ∫ R

0 p(r)Fr [u2(t)] dr

]
with p(r) = 0.5e−0.067(r−1)2

and R = 50.
F1(x̄1, t) and F2(x̄2, t) are nonlinear system functions,

and θ1 and θ2 are unknown system parameters, while
D1(x̄1, t) and D2(x̄2, t) represent the system uncertainties.
The control objective is to design robust control for system
(51) such that the output of the system y = x1 follows
the desired output yd = [0.5 sin t + sin 0.5t, 0.8 cos 2t +
1.2 sin 0.2t]T .

Controller u = [u1, u2]T is determined according to
Theorem 1. The initial conditions and control parameters
in this simulation are chosen as: k1 = 40, k2 = 4, ρ1 =
ρ2 = λ1 = λ2 = κ = σ = 2, τ1 = τ2 = 0.01, ε = 0.01,
x1(0) = [0.1, 0.2]T , x2(0) = [0.30.4]T , θ̂1(0) = θ̂2(0) =
�̂1(0) = �̂2(0) = [1, 1]T , and choose the level of dis-
cretisation N = 500 and p̂(i
r) = 1, for i = 0:N. In
implementation, in order to avoid the chattering of the
control input, the sign function sgn(·) is replaced with the
saturation functionsat(Sni/ξ ), where ξ = 0.01.

The simulation results of the output tracking are shown
in Figures 2 and 3, while the tracking error is presented
in Figures 4 and 5, where we also compare it with the
result without the hysteretic compensator for the nonlin-
earity of P-I hysteresis uHC . It is seen that with the pro-
posed control scheme the output can follow the desired
trajectories quickly within a very small error radius, de-
spite the unknown bounded external disturbances, system
parameters and hysteretic nonlinearity; and without the
hysteretic compensator uHC , the tracking performance is
much worse and the tracking error is much larger than
that with the hysteretic compensator. Figures 6 and 7 show
the controller input u(t) and the output of actuators with
P-I hysteresis w(t), both of which keep bounded as time
goes. It can be noted there exists obvious difference be-

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

on
ne

ct
ic

ut
] 

at
 0

6:
19

 1
2 

Ja
nu

ar
y 

20
15

 



International Journal of Systems Science 9

Figure 2. The trajectory of the output y1 (solid line) and its
desired trajectory yd1 (dashed line).

Figure 3. The trajectory of the output y2 (solid line) and its
desired trajectory yd2 (dashed line).

Figure 4. Tracking error between y1 and yd1 with and without
the hysteretic compensator uHC .

Figure 5. Tracking error between y2 and yd2 with and without
the hysteretic compensator uHC .

Figure 6. The control signal of u1 and the output of the hysteretic
actuator w1.

Figure 7. The control signal of u2 and the output of the hysteretic
actuator w2.
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10 G. Fu et al.

tween the signals u(t) and w(t), which indicates the sig-
nificant effect of the P-I hysteresis described by (4). It
is indicated from these simulations results that under the
controlled scheme (27), good tracking performance can be
achieved.

5. Conclusion

In this paper, an adaptive robust control scheme is pro-
posed for a class of nonlinear MIMO systems preceded
by unknown P-I hysteresis based on the adaptive control
and DSC. It is shown that under the proposed controller,
the outputs of the controlled system can follow the desired
trajectories with arbitrarily small tracking errors. The theo-
retical analysis is deduced based on Lyapunov synthesis and
it is proved that all the signals of the closed-loop controlled
system are ultimately bounded. Numerical simulations have
been provided to illustrate the effectiveness of the proposed
control scheme. The proposed scheme can be applied to a
larger number of the nonlinear MIMO systems with either
backlash hysteresis or such integral form as P-I hysteresis
and the explosion of complexity caused by tedious com-
putation of the time derivatives of the virtual control is
overcome by introducing a low-pass filter. However, the ef-
fect of the saturation is not considered in this paper, while
most of the actuators suffer from such nonlinearity in the
real world application. Thus, it would be our future work to
generalise the proposed control scheme to the system with
saturation.
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