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The problem of influence maximization in social networks has attracted much attention. However,
traditional centrality indices are suitable for the case where a single spreader is chosen as the spreading
source. Many times, spreading process is initiated by simultaneously choosing multiple nodes as the
spreading sources. In this situation, choosing the top ranked nodes as multiple spreaders is not an
optimal strategy, since the chosen nodes are not sufficiently scattered in networks. Therefore, one ideal
situation for multiple spreaders case is that the spreaders themselves are not only influential but also
they are dispersively distributed in networks, but it is difficult to meet the two conditions together.
In this paper, we propose a heuristic clustering (HC) algorithm based on the similarity index to classify
nodes into different clusters, and finally the center nodes in clusters are chosen as the multiple spreaders.
HC algorithm not only ensures that the multiple spreaders are dispersively distributed in networks but
also avoids the selected nodes to be very “negligible”. Compared with the traditional methods, our
experimental results on synthetic and real networks indicate that the performance of HC method on
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influence maximization is more significant.
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1. Introduction

Many social, technological and biological systems can be de-
scribed in terms of networks where nodes represent the elements
of the systems and edges define the possible interaction patterns
among nodes. The roles of nodes in social networks are often
distinct, how to design effective algorithms to identify influential
nodes in social networks is related to maintaining the global func-
tionality of the system, developing efficient strategies to control
epidemic spreading, accelerating information diffusion, promoting
new products, and so on [1-8].

So far, lots of centrality indices have been proposed to iden-
tify influential spreaders in networks, such as degree centrality [9],
betweenness centrality [10], closeness centrality [11]. Kitsak et al.
proposed a k-shell decomposition method to identify the most in-
fluential spreaders, and which is better than degree centrality in
many real networks [1]. But it tends to assign many nodes that
have different spreading capability to the same k-shell value. In
particular, which assigns all nodes of tree-like networks to 1-shell.
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Thus, some methods were proposed to overcome the low resolu-
tion of k-shell [6,12-14]. In addition, Radicchi et al. have shown
that the nonbacktracking centrality is a highly reliable metric to
identify top influential spreaders in social networks [15].

Most of the above mentioned methods mainly focus on how to
find “top influential spreaders”, that is to say, if one node is chosen
as a single spreader origin, which one should be chosen to maxi-
mize the spreading coverage. In this case, proposed indices only
need to consider the influence of node itself, but do not consider
the interaction effects from other nodes. We call this situation is
a single spreader case. However, it is usually that a set of differ-
ent nodes are simultaneously chosen as spreading sources in many
spreading processes, such as rumors, opinions, advertisements, and
so on. Therefore, the identification of multiple influential spreaders
in complex networks is also of theoretical and practical signifi-
cance, however, this problem has not been well solved. An intuitive
way of choosing multiple spreaders is that top ranked nodes who
are sorted based on a centrality index (e.g., degree centrality, be-
tweenness centrality, and so on) are selected. However, it may be
not the optimal strategy since the top ranked nodes tend to have
large overlap in their spreading process, leading to the redundancy
of spreading [1,2]. For multiple spreaders case, an effective method
should not only consider the influence of nodes themselves but
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also consider the dispersibility, therefore, the problem of how to
identify multiple influential spreaders is more intricate. Kempe et
al. have proved that the issue of finding the most multiple influ-
ential spreaders is a NP-hard optimization problem [16]. Recently,
some attempts have been made along this line. For instance, Mo-
rone et al. offered a framework for the set of optimal influencers in
networks by mapping the problem onto optimal percolation prob-
lem. However, the method detects the influential nodes one by
one rather than simultaneously. Namely, the node with the highest
value of CI is firstly removed, then the values of CI for remaining
nodes should be recalculated, which surely increases the compu-
tation complexity [17]. Zhao et al. have proposed a method to
obtain the effective multiple spreaders by generalizing the idea
of the graph coloring problem to complex networks [18]. Since
the distance between the multiple spreaders are not far away in
sometimes, the method was improved in Ref. [19]. In the net-
works with community structures, Hu et al. found that the nodes
with the largest degree in each community have the good per-
formance on spreading promotion, and selecting the hub node in
each community as multiple influential spreaders [20] is a good
choice, but the number of communities may hinder the effective-
ness of the method. Thus, how to identify the multiple influential
spreaders in social networks is still an important and challenging
problem [21-24].

The guiding ideology of selecting multiple spreaders is that
the distance among multiple spreaders is relatively scattered, and
spreaders themselves are also important. But it is almost impossi-
ble to meet both conditions together, we only try to find a tradeoff
between them. In this paper, a heuristic clustering (HC) algorithm
is proposed to obtain the multiple influential spreaders. In this al-
gorithm, nodes are classified into different clusters based on one
similarity index, where the number of clusters equals to the num-
ber of multiple spreaders. And the center nodes in clusters are
selected as the multiple influential spreaders when the heuristic
clustering process is finally stable. Experimental results in syn-
thetic networks and real networks indicate that HC algorithm not
only guarantees the selected spreaders are sufficiently scattered
but also avoids to be “insignificant”. Therefore, the performance
of HC algorithm on influence maximization is better than other
centrality indices.

The layout of the paper is as follows: Firstly, the descriptions of
our method are presented in Sec. 2, and several typical centrality
indices, SIR epidemic model and data sets are also introduced in
this section. Then the experimental results are presented in Sec. 3.
Finally, conclusions are summarized in Sec. 4.

2. Materials and methods
2.1. Heuristic clustering algorithm

An undirected and un-weighted network is represented by G =
(N, M) with N nodes and M edges, and its structure can be de-
scribed by an adjacent matrix A = (a;j)NxN Where a;; =1 if node
i is connected to node j, and a;; = 0 otherwise.

If the number of multiple spreaders is m, the details of the
heuristic cluster algorithm based on similarity index are the fol-
lowings.

Step 1: Define similarity matrix. Because the clustering process
is implemented based on the similarity between pair of nodes, a
similarity matrix is defined at first. There are many ways to define
the similarity, in this paper, we use the well-known local path (LP)
similarity index in link prediction to define the similarity matrix,
since such a similarity index provide a good tradeoff of accuracy
and computational complexity [25,26]:

S=A?+41-A3, (1)

where 0 < A <1 is a free parameter, small value of A means less
influence of long paths. (Az)xy is the number of common neigh-
bors of nodes x and y, which is also equal to the number of
different paths with length 2 connecting x and y, and (A3)xy is
the number of different paths with length 3 connecting x and y.
Hence, our HC method is a semi-local method. In our paper, we
mainly set A = 0.5, and we also check the effect of the value of A
in Figs. 5, 6 and 7.

Step 2: Form different clusters. We first randomly select m
nodes as the initial centers to cluster nodes, denoted by D =
{v1,v2,---, vi}. For each node vy €D, the similarity Sy,,, between
node vy and v; € D,i=1,---,m is calculated according to Eq. (1),
if there is a node v; € D such that S,,y; is maximum, and then as-
sign node vj to a cluster whose center is v;. Therefore, all nodes
are classified into m clusters, denoted by Cq,Ca, -, Cny;

Step 3: Update center of each cluster. For cluster C;, t =
1,---,m, according to the similarity matrix S, define the signif-
icance of node vy € C; in the cluster C; as B(x) = Zvyect Svevys
then select the node with the highest value of significance as the
new center of each cluster, that is to say, the set D is updated;

Step 4: Select multiple spreaders. Repeat Step 2 and Step 3 un-
til the algorithm is convergent. At last, the nodes in the set D are
viewed as the m multiple influential spreaders.

2.2. Centrality indices

Here we briefly review the definitions of several centrality in-
dices that will be discussed in this paper.

The degree centrality (DC) of node i is defined as the number
of neighbors, namely

N
DC(i) =) _aj. 2)
j=1

The betweenness centrality (BC) of node i is defined as the frac-
tion of all shortest paths travel through the node, which is denoted
as

BC() =Y niy/ng, (3)
s#i#l

where ng and nil are the number of shortest paths between nodes

s and [, and the number of shortest paths between s and [ that

pass through node i, respectively.

The k-shell (KS) decomposition method is implemented by the
following steps: Firstly, one-degree nodes are removed and keep
deleting the existing one-degree nodes until all nodes’ degrees
are larger than one. All of these removed nodes are 1-shell. Then
remove the two-degree nodes and keep deleting until all nodes’
degrees are larger than two, and include them into 2-shell. This
procedure continues until all nodes have been assigned to a k-
shell [1,27].

By generalizing the graph coloring in complex network, the de-
gree coloring (DCC) method was proposed in Ref. [18,19] to iden-
tify multiple influential spreaders, which can be summarized as
follows: 1) sort the nodes in a descending order according to their
degrees, such that k(1) > k(2) >,---,> k(N); 2) define a color
function 7 to color each node i with a color m, i.e., w(i) =m,
initially, let (1) = 1; 3) let C(m) = {i|rr (i) = m}, where C(m) is a
set containing nodes with the same color label m. If an uncolored
node j is not connected to the nodes in C(m), then m(j) =m;
4) let m :=m + 1, then choose a node at the top positions of
the ranking list from the uncolored node set and back to step 3.
The process ends once all the nodes are colored. Finally, the m-top
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Table 1

Basic structural properties. N and M are the number of nodes and edges, respec-
tively. B, = (k)/(k?) is the epidemic/rumor threshold [28,35]. (k) is the average
degree of networks. H is the degree heterogeneity, given by (k?)/(k)2. L and D are
average shortest path length and diameter of networks, respectively.

Network N M Ben (k) H L D
SmaGri 1024 4919 0.026 9.6 3.948 2.981 6
Email 1133 5451 0.053 9.62 1.942 3.606 8
Blogs 1222 16714 0.012 2736 2971 2.738 8
HEP 5835 13815 0.110 4.74 1.926 7.026 19
PGP 10680 24316 0.053 4.55 4147 7463 24
Sex 15810 38540 0.035 4.875 5.828 5.785 17

nodes in the largest independent set are chosen as the multiple
spreaders. In this paper, we also consider betweenness coloring
(BCC) method and k-shell coloring method (KSC), where nodes are
ranked in a descending order according to their betweenness val-
ues and k-shell values at first. That is to say, only the first step is
different, and the other steps are the same as the DCC method.

2.3. Spreading models

In this paper, we use SIR epidemic model [28] to check the ef-
fectiveness of HC algorithm. For SIR epidemic model, each node
can be in one of three states: susceptible, infected, or recovered.
An infected node (I) can infect its all susceptible neighbors (S)
with transmission rate 8, and then becomes recovered (R) with
recovery rate u. In the classical SIR model, each infected node can
contact all of its neighbors at per time step (we call all-contact SIR
model) [28]. Here, we also consider a modified SIR model where
infected nodes only contact one neighbor at per time step (we call
single-contact SIR model) to further validate the effectiveness of
our algorithm. This assumption is to mimic the situation where
people can contact few of neighbors rather than all of neighbors
due to their limited activity capability. In this paper, we set u =1
for the all-contact SIR model and p = 0.1 for the single-contact
SIR model.

2.4. Data description

The comparison of different algorithms are compared in six real
networks, including SmaGri (citation network) [29], Email (e-mail
network of University at Rovira i Virgili, URV) [30], Blogs (net-
work of the US political blogs) [31], HEP (collaboration network
of high-energy physicists) [32], PGP (an encrypted communication
network) [33], Sex (the bipartite network of sex buyers and their
escorts, only the giant component is chosen) [34]. For simplicity,
these networks are treated as undirected and unweighed networks
in this work. The detailed information about these empirical net-
works are presented in Table 1.

3. Results
3.1. Metric

To compare the performances of different methods in identi-
fying multiple influential spreaders, we first select the m nodes
according to one method as the spreaders (i.e., initial infected
nodes). And then the epidemic spreading process is simulated ac-
cording to all-contact SIR model or single-contact SIR model until
there are no any infected nodes. The final recovered nodes is used
to measure the performance of the method. To guarantee the relia-
bility of the results, all of them are averaged over 100 independent
realizations.

A relative ratio A is defined to compare the effectiveness of
different methods, which is denoted as [18]

Ri — Rpc
Rpc

R; is the final number of recovered nodes when multiple spreaders
are chosen based on a certain method. Rpc¢ is the final number of
recovered nodes for the DC method. When A > 0 means that the
performance of the used method is better than the DC method,
and larger value of A > 0 indicate the better performance of the
used method.

A= (4)

3.2. Synthetic networks

To validate the efficiency of the proposed method in identi-
fying multiple influential spreaders, we firstly compare the HC
algorithm with other methods on the two typical synthetic net-
works - Barabasi-Alber (BA) network [36] and the Watts-Strogatz
(WS) small-world networks [37], where network size is N = 2000
and average degree is (k) = 8. The single-contact SIR model and
all-contact SIR model are considered Fig. 1 and Fig. 2, respectively.
Both of them indicate that the performance of HC method is better
than other indices The KS index and KSC index are not considered
in synthetic networks because of KS index classifying all nodes into
1-shell for BA network. All above results suggest that our HC al-
gorithm can effectively identify multiple influential spreaders on
synthetic networks.

3.3. Real networks

In the following, we implement our algorithm on the six real
networks (the basic topological features are listed in Table 1) and
compare our HC method with other indices for single-contact SIR
model in Fig. 3. The value of A as a function of the transmis-
sion rates g is studied for different methods. One can find that
the performance of HC method is significantly better than other
methods, regardless of different number of multiples spreaders or
different networks. However, the advantages of other indices are
not always dominating, which may be good in some networks but
lost its advantages in other networks. Moreover, we can see that
the performance of KS index is generally the worst. As stated in
Ref. [1], k-shell method is not a good choice in identifying multi-
ple spreaders.

Next we study the performances of different indices for the case
of all-contact SIR model. Fig. 4 indicates the performance of HC
method is also better than the other indices, but the advantage is
not so apparent as in single-contact SIR model. Unlike the case of
single-contact SIR model where each infect node can only infect
one neighbor at most at each time step, so the node’s degree is
not very important but the distance between multiple spreaders
is the main factor. For all-contact SIR model, each infected node
can contact all of its neighbors at per time step, thus the degree
of each node is also an important factor. In the next context, we
will present that our HC algorithm can ensure the distance among
spreaders is very large but cannot give rise to high degree of each
spreader (see Figs. 9 and 10). In addition, epidemic can quickly
outbreak in networks for the all-contact SIR model, leading to the
difference of among different indices is not very obvious.

3.4. Analysis of parameters

The above results are obtained by fixing the discount factor
A = 0.5, naturally, we need to check the effect of the value of X
on the effectiveness of HC method. By taking transmission rate
B =0.1 and B = 0.2 as examples, the final epidemic density o
as a function of A for single-contact SIR model and all-contact SIR
model are presented in Fig. 5 and Fig. 6, respectively. Both figures
illustrate that the effect of the discount factor A on final epidemic
density is irregular. And more importantly, though some values of
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Fig. 1. (Color online) For single-contact SIR model, the relative ratios A for different indices as functions of transmission rate g are compared in two synthetic networks.
From left panels to right panels correspond to m =30, m = 50, m = 90, respectively; (a)-(c) and (d)-(f) are the results in BA network and SW network, respectively. Here
recovery rate 1 =0.1 and discount factor A = 0.5. The results are averaged over 100 independent runs.
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Fig. 2. (Color online) For all-contact SIR model, the relative ratios A regarding different indices as functions of transmission rate g are compared in two synthetic networks.
From left panels to right panels to m =30, m =50, m = 90, respectively; (a)-(c) and (d)-(f) are the results in BA network and SW network, respectively. Here recovery rate
©=1.0 and discount factor A = 0.5. The results are averaged over 100 independent runs.

A can lead to larger value of o, the advantage is not so remarkable.
Therefore, our HC method is not very sensitive to A. Since we can-
not decide an optimal A giving rise to the maximal value of o in
advance, we choose A = 0.5 in above experiments is a reasonable
choice.

To explain why the final epidemic density o is not sensitively
dependent on the value of A, we investigate the effect of A on the
average distance among multiple spreaders (labeled as d;, right
y-axis) and their average degree (labeled as (k),, left y-axis) in
Fig. 7 by fixing m = 50. Results in Fig. 7 indicate that the av-
erage distance d;, among multiple spreaders generally shows the
reverse change trend with the average degree (k),. When mul-
tiple spreaders have higher average distance, they tend to have
lower average degree. As we have mentioned in above contexts,
an ideal situation for influence maximization is that the dis-
tance among multiple spreaders is large and nodes themselves
are also important. However, Fig. 7 have described that chang-
ing the value of A cannot guarantee the two conditions to meet

together, which results in the effect of A on o is not so appar-
ent.

We further study the effect of m on the performances of dif-
ferent indices in Fig. 8. As one can see that, compared with other
indices, HC method can maintain significant advantage in a wide
region of m, no matter of single-contact SIR model (upper pan-
els) or all-contact SIR model (bottom panels). Moreover, the per-
formance has an upward trend with the increasing of m in all
networks, especially in SmaGri, Email, HEP, PGP and Sex networks.
The results in Fig. 8 again confirm the effectiveness of HC method.

Finally, the average distance d,; and the average degree (k) as
functions of m are illustrated in Fig. 9 and Fig. 10, respectively. On
the one hand, our HC method can induce the largest value of dp,
which ensures the spreaders to be dispersively distributed in net-
work and avoid the redundancy of spreading (see Fig. 9) [1,18]. On
the other hand, although the average degree of multiple spreaders
in HC method is smaller than other indices, these chosen multiple
spreader are not “insignificant” nodes, because their average de-
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Fig. 3. (Color online) For single-contact SIR model, the relative ratios A as a function of transmission rate 8 is compared for different indices. Panels (a)-(f): the number of

spreaders m = 30; Panels (g)-(1): the number of spreaders m = 50; Panels (m)-(r): the number of spreaders m = 90. The results are averaged over 100 independent runs.
Here recovery rate ;= 0.1 and discount factor A =0.5.
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Fig. 4. (Color online) For all-contact SIR model, the relative ratios A for different indices as functions of transmission rate g are compared in six real networks. Panels (a)-(f):

the number of spreaders m = 30; Panels (g)-(1): the number of spreaders m = 50; Panels (m)-(r): the number of spreaders m = 90. Here recovery rate ;£ = 1.0 and discount
factor 2 =0.5. The results are averaged over 100 independent runs.
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the value of o when 8 = 0.2. Here the number of spreaders is m =50, and recovery rate @ = 0.1. The results are averaged over 100 independent runs.
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Fig. 6. (Color online) For all-contact SIR model, the final epidemic density o as a function of A. Left y-axis denotes the value of o when 8 =0.1, and right y-axis denotes the
value of o when g = 0.2. Here the number of spreaders is m =50, and recovery rate @ = 1.0. The results are averaged over 100 independent runs.
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Fig. 7. (Color online) The effects of A on the average distance d;, and the average degree (k); of the selected multiple spreaders are compared in six real networks. The left
y-axis and the right y-axis of each subfigures denote the values of (k);, and d,, respectively. Here the number of spreaders is m = 50. The results are averaged over 100
independent runs.
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Fig. 8. (Color online) The relative ratios A for different indices as functions of the number of multiple spreaders m are compared in six real networks. Panels (a)-(f):
single-contact SIR model; Panels (g)—(1): all-contact SIR model. Here, transmission rate 8 = 0.2, recovery rate ;= 0.1 for single-contact SIR model and recovery rate ;=1
for all-contact SIR model. The results are averaged over 100 independent runs.
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are averaged over 100 independent runs.
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Here discount factor A = 0.5. The results are averaged over 100 independent runs.
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gree is still larger than the average degree of all nodes (dotted line
in each subfigure), especially when the number of spreaders is not
so large (see Fig. 10). Therefore, our HC method can not only en-
sure the dispersive distribution of the multiple spreaders but also
ensure the importance of the nodes themselves to a certain extent.
Our results also indicate that the average distance among spreaders
may be play a more important role in multiple spreaders problem,
compared with the importance of nodes themselves.

4. Conclusions

Given that how to design an effective algorithm to identify
multiple influential spreaders is different from the case of single
spreader, where the multiple spreaders should be scattered and
the nodes themselves should be important too. However, it is hard
or impossible to meet the two conditions together. In this paper,
we have proposed a heuristic clustering algorithm to balance the
two conditions. In the model, we first select a certain amount of
nodes as initial centers, and aggregate each node into correspond-
ing clusters by a given similarity measure. Then the center node
of each cluster is updated in next step. The clustering process is
repeated until the system is stable, and the centers are chosen as
the multiple spreaders. Extensive experimental results in synthetic
networks and real networks show that our heuristic clustering al-
gorithm can not only make sure the spreaders are dispersively
distributed in network but also ensure the importance of nodes
themselves to a certain extent, leading to the best performance of
HC method on influence maximization for multiple spreaders case.
Therefore, our HC algorithm provides an effective way to identify
the multiple influential spreaders in complex networks.
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